We measured the optical linewidths of a passively mode-locked quantum dot laser and show that, in agreement with theoretical predictions, the modal linewidth exhibits a parabolic dependence with the mode optical frequency. The minimum linewidth follows a Schawlow-Townes behavior with a rebroadening at high power. In addition, the slope of the parabola is proportional to the RF linewidth of the laser and can therefore provide a direct measurement of the timing jitter. Such a measurement could be easily applied to modelocked semiconductor lasers with a fast repetition rate where the RF linewidth cannot be directly measured. . Optical frequency combs are commonly generated by modelocked lasers (MLLs) that periodically emit short pulses with an optical spectrum composed of a set of equally spaced narrow lines. Some metrology applications require octave spanning combs generated by Ti:sapphire lasers where the pump intensity and the cavity length fluctuations constitute the main sources of noise. Coherent communications and signal processing require a much narrower frequency line set that can be generated by monolithic passively mode-locked semiconductor lasers where the spontaneous emission constitutes the main source of noise in a large Fourier frequency range. In recent years monolithic quantum dot (QD) MLLs have shown much promise in producing stable pulses, of the order of picoseconds, with high repetition rates and low timing jitter [3] [4] [5] . In general, noise influences mainly the amplitude, the central optical frequency, the comb line to comb line frequency spacing, the pulse-to-pulse timing, and the optical phase of mode-locked semiconductor lasers, but the broadening of the comb lines [6] is dominated by the contributions of optical phase noise and pulse-to-pulse timing fluctuations. The quantum limited fluctuations of the optical phase induce a Lorentzian line shape in all the comb lines, similarly to the Schawlow-Townes line shape of single-mode lasers. The optical linewidth is also related to timing jitter fluctuations. The stochastic dynamics of MLLs can be described by a set of Langevin equations [7] capturing the evolution of the power, frequency, timing jitter, and optical phase of the laser. By retaining only the timing jitter and the optical phase fluctuations, the optical field is [8]
Optical frequency combs have become important tools for time and frequency metrology [1] . They have also been identified as potential sources for coherent communications and signal processing [2] . Optical frequency combs are commonly generated by modelocked lasers (MLLs) that periodically emit short pulses with an optical spectrum composed of a set of equally spaced narrow lines. Some metrology applications require octave spanning combs generated by Ti:sapphire lasers where the pump intensity and the cavity length fluctuations constitute the main sources of noise. Coherent communications and signal processing require a much narrower frequency line set that can be generated by monolithic passively mode-locked semiconductor lasers where the spontaneous emission constitutes the main source of noise in a large Fourier frequency range. In recent years monolithic quantum dot (QD) MLLs have shown much promise in producing stable pulses, of the order of picoseconds, with high repetition rates and low timing jitter [3] [4] [5] .
In general, noise influences mainly the amplitude, the central optical frequency, the comb line to comb line frequency spacing, the pulse-to-pulse timing, and the optical phase of mode-locked semiconductor lasers, but the broadening of the comb lines [6] is dominated by the contributions of optical phase noise and pulse-to-pulse timing fluctuations. The quantum limited fluctuations of the optical phase induce a Lorentzian line shape in all the comb lines, similarly to the Schawlow-Townes line shape of single-mode lasers. The optical linewidth is also related to timing jitter fluctuations. The stochastic dynamics of MLLs can be described by a set of Langevin equations [7] capturing the evolution of the power, frequency, timing jitter, and optical phase of the laser. By retaining only the timing jitter and the optical phase fluctuations, the optical field is [8] 
where a͑t͒ is the optical pulse envelope, = ⌬͑m͒ + ⌽ CE ͑m͒, T r is the device repetition rate, 0 is the center frequency, and ⌽ CE ͑m͒ is the carrier-envelope phase shift of the mth pulse. The functions ⌬t͑m͒ and ⌬͑m͒ are random variables that describe the influence of noise on the pulse-to-pulse timing and optical phase. Close to the lines, the functions ⌬t͑T͒ and ⌬͑T͒ can be approximated as Gaussian random walk processes with ͗͑⌬͑T͒ − ⌬͑0͒͒ 2 ͘ =2⌬ 0 ͉T͉ and ͗͑⌬t͑T͒ − ⌬t͑0͒͒ 2 ͘ =2⌬ RF ͉T͉͑T r /2͒ 2 . Following [8] , a set of Lorentzian lines with frequencies n and linewidths ⌬ n compose the optical spectrum
where â is the Fourier transform of the pulse envelope. The power spectrum of the photocurrent RF signal is a set of Lorentzians centered at m r =2m / T r with the linewidth of mth harmonic denoted by ⌬ RF,m ,
The values ⌬ n and ⌬ RF,1 are related via
where n is the mode number and n 0 is the mode number corresponding to the minimum linewidth. Equation (4) shows that the parabolic increase in the optical linewidth with the mode number is proportional to the first harmonic of the RF linewidth and is therefore directly related to the timing jitter. Although such a behavior was predicted in [8] and a parabolic dependence was measured in [9] , there is-to our knowledge-no detailed experimental investigation of the relationship between the modal optical linewidth and the timing jitter in passively MLLs.
In this Letter, we measure the optical linewidth of the modes of a mode-locked QD laser and demonstrate that the parabolic increase can be directly related to the RF linewidth. As a result, the timing jitter of a device can be evaluated from a measurement of the optical linewidth of the various modes of the laser. In addition, we show that the minimum optical linewidth follows a Schawlow-Townes-like dependence but with a rebroadening at high currents, similar to that observed in single mode QD lasers [10] .
The devices used in this study were two-section monolithic InAs/GaAs QD ridge waveguide lasers emitting at 1.3 m, similar to those used in [11] . The devices were cleaved at a length of 4.3 mm giving a repetition rate of around 9.4 GHz (the refractive index was 3.7) with a 17% absorber section. By applying a negative bias voltage to the saturable absorber section, a passive mode-locking operation was achieved for a range of currents (75-200 mA) and voltages (Ϫ1 to Ϫ3 V). Typically, the lasers emitted pulses of some few picoseconds and an optical spectrum of up to 200 modes. The lasers were coupled to a high-frequency photodiode, and the RF linewidth of the first four harmonics was measured using a 50 GHz electronic spectrum analyzer and the fitting method described in [12] . The RF line shape approximated well to a Lorentzian (Fig. 1) for the first four harmonics and broadened quadratically with the harmonic number (Fig. 1, inset) , demonstrating that the RF spectrum is dominated by the timing jitter contribution. This validates the assumptions of [8] for these lasers.
The optical linewidth of each individual laser mode was measured through heterodyne beating of the modes with a frequency stable tunable laser source with an optical linewidth of ϳ100 kHz. The line shape observed on the electronic spectrum analyzer approximated very well to a Lorentzian as shown in Fig. 2(a) (inset) . Figure 2 (a) shows the individual mode linewidths (filled circles) of the device as a function of mode number for a gain current of 120 mA and a reverse bias of Ϫ2.0 V. The corresponding optical spectrum is shown in Fig. 2(b) . For convenience we have set n 0 = 0 in these plots. The linewidth of the passively MLL was of the order of tens of megahertz and demonstrated a strong parabolic dependence on the mode optical frequency. The solid curve in Fig. 2(a) shows the fitted linewidth obtained from Eq. (4) using experimental data for the RF linewidth and ⌬ 0 as the fitting parameter. The minimum linewidth value (for the zeroth mode) was offset from the center of the optical spectrum. This offset (which increased with the injection current) arises from temporally asymmetric chirped pulses. Briefly, from Eq. (4), the mode with the lowest linewidth is the closest to the frequency 0 . The center frequency of the optical spectrum is calculated from ͉â ͑ − 0 ͉͒ 2 . From the properties of the Fourier transform, this function is not symmetric about 0 if a͑t͒ is complex (chirped pulses) and asymmetric with respect to time. Both numerical modeling [13] and frequency-resolved optical gating measurements [14] of passively mode-locked QD lasers have shown an asymmetric pulse shape and a significant pulse chirp.
Sets of individual mode linewidths were collected over a range of gain currents and bias voltages. Fits were made of the data to Eq. (4) with the RF linewidth and the minimum optical linewidth as the fitting parameters. The comparison between the directly measured and the fitted ⌬ RF,1 is made in Fig.  3 where, within the accuracy of the experiment, the measured and the calculated RF linewidth values largely agree.
The second fitted parameter ⌬ 0 is plotted in a logarithmic scale in Fig. 4 for the range of currents (90-200 mA) and absorber biases of Ϫ1.0 and Ϫ2.0 V. Since the threshold current was different for the different absorber biases, the results are presented as a function of the total optical power. The minimum linewidth value for the laser decreased rapidly near the threshold with increasing current, demonstrating a Schawlow-Townes-like dependence, but with a rebroadening at higher currents (higher than 1.5I th ).
In summary, we have measured the modal optical linewidth and the RF spectrum of a QD passively MLL. We have shown the parabolic form of the optical linewidth spectrum and verified for the first time (to our knowledge) the relationship between the parabolic linewidth spectrum and the RF linewidth. This technique could be of great value in measuring the timing jitter of high repetition rate MLLs whose frequency exceeds that of available microwave spectrum analyzers. The deduction of the timing jitter from mode linewidth measurements can be extended to lasers with other noise mechanisms, e.g., HausGordon noise, as long as the noise source is known [15] . Phase noise dominates amplitude noise in passively mode-locked QD lasers, and the minimum modal linewidth follows a Schawlow-Townes form with a rebroadening at higher powers. The offset of the minimum linewidth mode from the center of the optical spectrum is consistent with recent reports of chirped temporally asymmetric pulses. 
